Analysis of the High Pressure Polyethylene
Tubular Reactor with Axial Mixing

A theoretical study was carried out for the analysis of the high pressure
polyethylene tubular reactor with axial mixing (TRAM). In the study, the
Contraction Mapping Theorem in the square-integrable function space
L[0, 1] was first used to derive a uniqueness criterion for the existence of
the steady state solution of the polyethylene TRAM. Then, an algorithm
was derived which enabled us to compute the profiles of reactor tempera-
ture and concentration. Details of reactor performance were investigated
in terms of the reactor operating and design variables: heat transfer coeffi-
cient, feed temperature and concentration, axial mixing, the length of
reactor, and the distribution of preheating and cooling zones of the reactor.
Also investigated in this study was the product quality in terms of the
number-average molecular weight and molecular weight distribution as
affected by change in reactor operating conditions and by the chain transfer
reactions.
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The free-radical polymerization of ethylene at high
pressure is a reaction of broad commercial and theoretical
interest. In commercial practice, the high pressure process
is undertaken in both autoclaves and tubular reactors.
Earlier efforts in analyzing the steady state solutions of
the high pressure polyethylene system have been directed
either to the continuous stirred-tank reactor or to the ideal
case of the tubular reactor, namely the plug flow reactor
(Goldstein and Hwa, 1966; Hoftyzer and Zwietering, 1961;
Volter, 1963). However, in the commercial operation of
high pressure polyethylene tubular reactors, consideration
of axial mixing is of practical importance. This is because
a flow control valve located near the reactor exit is used
to give periodic pulsation to prevent the rapid buildup
of polymer scale on the reactor wall which would adversely
affect the heat transfer coefficient. The pulsations increase
axial mixing in the reactor and consequently influences
the monomer conversion, temperature profile, and the
product quality.

In the present paper, a theoretical study will be pre-
sented which analyzes the performance of the high pres-

sure polyethylene tubular reactor including the effect of
axial mixing. For the study, an abstract function space,
the square-integrable function space Lo[0,1], was
first introduced to derive a uniqueness criterion
for the existence of the steady state solution of the
system differential equations. Then, the resulting system
integral equations were numerically solved by the use of
a successive approximation scheme to obtain the profiles of
monomer concentration and temperature in the reactor.

One of the most important problems encountered in op-
erating a polymerization reactor is to control the product
quality, namely the molecular weight and its distribution.
Therefore it is of practical importance to develop a simu-
lation model which can predict the product quality as
affected by the reactor operating conditions. In the present
paper, we shall present some predicted results for the
product quality of polyethylene produced by means of
a high pressure tubular reactor. Also discussed will be the
effect of chain transfer reactions on the molecular weight
and its distribution.

CONCLUSIONS AND SIGNIFICANCE

Mathematical formulations of chemical engineering sys-
tems are generally expressed in terms of nonlinear differen-
tial equations. The present study shows that transformation
of the system differential equations into integral equations,
and an investigation of the properties of the resulting
integral operators in abstract function spaces, is very
useful for the analysis of a complex chemical process,
such as the high pressure process for making polyethylene
in tubular reactors. The analysis can be of practical use
for the design of new, and the optimum operation of
existing, reactors. The salient feature of the function space
method used in this study is that it provides not only a
uniqueness criterion for the existence of the steady state
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solution, but also a simple computational algorithm (a
successive approximation scheme).

The successive approximation scheme was used in con-
junction with the uniqueness criterion to construct a
region of steady states (range of system parameters for
which reactor operation is stable) for several reactor vari-
ables. The following specific conclusions are drawn from
the present study: (1) axial mixing affects both reactor
performance and product quality (that is, the molecular
weight and its distribution), (2) the chain transfer reac-
tions broaden the molecular weight distribution, (3) the
jacket fluid (coolant) temperature, feed temperature, and
the overall heat transfer coefficient all have a profound
effect on reactor performance (that is, concentration and
temperature profiles), and (4) the initiator concentration
affects reactor performance significantly.
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Various processes for the polymerization of ethylene
have been described by Albright (1974), Smith (1964),
and Raff and Allison (1936). Commercially available poly-
ethylene is manufactured either by the low pressure process
which yields high density polyethylene, or by the high
pressure process which yields low density polyethylene.
The high pressure process can be undertaken by any one
of the four common polymerization techniques, namely,
bulk polymerization, solution polymerization, suspension
polymerization, and emulsion polymerization. However, the
bulk polymerization technique is the most common one
commercially.

The bulk polymerization technique for the high pressure
process requires a highly purified ethylene stream (99.9%
cthylene). The process pressure ranges somewhere be-
tween 1000 and 3000 atm (Miles and Briston, 1965). The
ethylene stream together with an initiator which generates
free radicals enters into a reactor. Two main commercial
reactor designs have evolved: the tubular reactor and the
stirred autoclave reactor. The tubular reactor can be a long
single tube, a tube with multiple feed streams along its
length, or many tubes in parallel. Reactor temperature
ranges somewhere between 100° and 300°C. Temperatures
above 300°C are not used, primarily because decomposi-
tion of ethylene may occur above 300°C. The mixture of
polymer and monomer leaving the reactor is separated by
pressure reduction into monomer-rich and polymer-rich
streams. The monomer-rich stream is either recycled to
the reactor inlet or is used in a downstream process. The
polymer-rich stream is usually further concentrated by a
second separation step and then extruded into ribbens or
strands for pelletizing. It should be noted that some com-
mercial processes use oxygen as an initiator,

The initiation of the polymerization process requires
primary free radicals. In the earlier days, oxygen was used
almost exclusively (Ehrlich, Pittilo, and Cotman, 1958;
Ehrlich and Pittilo, 1960). The modern trend, however,
is to use arganic initiators such as peroxides, hydroperox-
ides, etc. (Steiner et al., 1967). The temperature at which
significant initiator decomposition rates occur is a function
of the type of initiator. Hence, a successful operation of
the reactor requires the proper selection of an initiator, or
a combination of more than one initiator. The initiator can
be injected directly into the reactor in the feed stream, or
prior to monomer compression. The precise metering and
control of the injection rate is essential since this can affect
the polymerization rate significantly and hence the reactor
temperature profile. Some manufacturers vary the initiator
injection rate to control the reactor temperature, while
others keep the injection rate fixed and control reactor
temperature by manipulating the flow rate of coolant, for
instance.

The high pressure polyethylene tubular reactor is charac-
terized by its large length-to-diameter ratio which ranges
somewhere from 250:1 to as high as 12000:1 (Smith,
1964). Heat is transferred from or to the reactor through
its walls by the fluid circulating through the jacket that
surrounds it. High jacket temperatures are used in the
initial portion of the reactor to heat the cold feed to initia-
tion temperature. Lower jacket temperatures are used in
latter portion of the reactor in order to remove the heat
of the reaction generated by the polymerization. It should
be mentioned that poor control of reactor temperature can
cause a polymer buildup on the reactor wall which, if not
removed, can affect reactor performance significantly
through a marked reduction in the heat transfer coefficient.
A number of methods have been devised to correct this
problem. One commonly used technique is to pulse the
reactor flow at a controlled rate, It should be pointed out
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that the flow pulsation significantly increases axial mixing,

A number of researchers have made studies on the anal-
ysis of polymerization reactor systems. A majority of these
studies focused on the continuous stirred-tank reactor
(CSTR) (Goldstein and Hwa, 1966; Goldstein and
Amundson, 1965; Zeman and Amundson, 1965; Warden
and Amundson, 1962; Hoftyzer and Zwietering, 1961;
Thies and Schoeneman, 1970), and relatively few on the
tubular reactor (Mullikin et al, 1965; Cintron-Cordero
et al,, 1968).

The system equations characterizing the CSTR are a set
of coupled nonlinear algebraic equations. Although free
radical polymerization kinetics can make manipulation of
the system equations quite cumbersome, these equations
are amenable to solution by the usual iterative techniques
(such as Newton-Raphson). Such techniques were used
by Goldstein and Amundson (1965) for studying the ef-
fects on product properties of important reactor variables
for the general free radical (addition) polymerization
system, and by Goldstein and Hwa (1966) for the high
pressure polyethylene system.

A stability analysis of the CSTR steady state for free
radical addition polymerization systems has also been un-
dertaken by several authors such as Hoftyzer and Zwieter-
ing (1961), Warden and Amundson (1962), Goldstein and
Amundson (1965), and Goldstein and Hwa (1966). All of
these studies have focused on the linearized version of the
dynamic equations. Although such studies do provide val-
uable insight into the process, the problem of stability in
the large is still to be tackled.

Mullikin et al. (1965) have investigated the effects on
reactor conversion and temperature profile of selected re-
actor variables such as initiator concentration and jacket
temperature for an idealized polyethylene tubular reactor,
that is, a plug flow reactor. Steady state solutions were ob-
tained by simulation on an analog computer, It should be
pointed out, however, that their study does not adequately
represent the industrial reactor because commercial poly-
ethylene tubular reactors are pulsed periodically and are
therefore subject to a high degree of axial mixing, which
could have a marked effect on the product quality.

Volter (1963) has investigated the stability of the steady
states for a polyethylene tubular (plug flow) reactor. This
was done by deriving stability criteria for the mass and
energy balance equations for a small segment of it. Volter
contends that the stability criteria derived are valid for
the entire reactor. Although a tubular reactor with axial
mixing can be approximated by a finite number of cas-
caded CSTR’s, in order for the results of a CSTR to be
applicable to the entire cascade one has to relate the de-
gree of mixing to each element in the cascade. Volter has
assumed further that the concentration of the initiator is
invariant. This is not the case in practical situations.

Control of the polyethylene reactor has to be such that
not only are the polymer production rates uniform but also
that the polymer properties such as density, molecular
weight distribution, average molecular weight, etc. must
be reproducible. Reactor variables that have a significant
impact on the performance of the reactor can be listed as:
(1) number and location of initiator feed points, (2) injec-
tion rate of initiator, (3) feed temperature, (4) jacket tem-
perature, and (5) the frequency of pulsation of flow. Al-
though specific details of the manner by which the above
variables are manipulated are not known (since this is
proprietary information), it is generally accepted that a
close regulation of these variables is necessary. If this is
not done, one can encounter runaway conditions in the
reactor.

AIChE Journal (Vol. 21, No. 3)



KINETICS OF ETHYLENE POLYMERIZATION

The theory of free radical polymerization (Flory, 1953;
Bamford et al., 1958) was applied to develop mathematical
expressions for the reaction rate. To describe the polymer-
ization, a kinetic model was postulated which included
seven types of reactions: initiator decomposition, chain
initiation, propagation, termination by recombination, and
radical transfer to monomer, polymer (long chain branch-
ing) and solvent. In the kinetic rate expressions given
below, we made the following assumptions: (1) the rates
of generation and termination of free-radicals are equal
(the so-called “steady state” assumption); (2) the termina-
tion step is governed by recombination; (3) consumption
of initiator free radicals by other reactions is negligible.

(i) The decomposition rate of initiator:

Rg = — kaCr (1)
(ii) The chain initiation rate:

R; = 2k4¢C; (2)

(iii) The monomer consumption rate (that is, the over-
all polymerization rate)

RM:{(_’WE_

ktc
The total reaction rate for dead polymer > Ry, which

r=2

Yo
} Ci% Cy (3)

will be used later for computing the average molecular
weight of the product is given by (Agrawal, 1974)

2 Ry, = @4 — {kr + kir,p Qo} Cry+ (4)
=2
where
@4 = Qo® {kic Qo® + kr} (8)
in which
kr = kir,s Cs + keru Gy (6)
and
Cuyr = [2kic(Q0”)2 + krQo*1/v (7)
Note in Equation (7) that v and Qo*® are given by
v = 2kteQ0® + kr + kir,pQo + kpCu (8)
and
kaeCr \ %
Q= (=22) (9)
tc
respectively.

1t should be noted that the reaction rate constants are
generally dependent on both temperature and pressure. As
pointed out by Shrier et al. (1965), in a rigorous sense the
temperature and pressure dependence of rate constants
should be expressed in terms of energies and volume of
changes of activation. Using kinetic data reported in the
literature, we have obtained expressions for various rate
constants (Agrawal, 1974). A summary of the rate ex-
pressions is given in Table 1.

TasLE 1. A SUMMARY OF RATE CoNSTANT CORRELATION

A
- - —E;4 (P)
Initiator decomposition ke = (kq)o exp T
(1/s)
A
Chain initiat fo = (haedoerp (2P0
ain initiation d = de }o exp RT
(1/s)
A
~£,(P)
Chain propagation ky = (kp)oexp T
( liters )
g-mole s
A
. - —Etc (P)
Chain termination kie = (kic)o exp T
( liters )
g-mole s
A
Chain transfer to dead ke = (K —Etrp (P) )
polymer tr,p = tr,p)O €xp —T

liters

(o)

g-mole s

A
—Etrum (P)
Chain transfer to monomer kera = (kerm)o exp ( —%;‘——
liters )
g-mole s
A
. —-Etr,S (P )
Chain transfer to modifier ker,s = (kers)o exp 7

liters

(

Note: Values of (ke¢)o and E4 are given in Table 2.

)

g-mole s
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(ka)o £4(P) = Eq + 0.170P

(cal/g-mole)

(kge)o = 0.75 (ka)o ﬁ\i(P) =é\d(P)

(cal/g-mole)
A
(kp)o = 1.25 x 108 E, (P) = 7800 + 0.5P

(cal/g-mole)

A
(kte)o = 2.2 X 1010 E (P) = 1000 + 0.244P

(cal/g-mole)

A
(kirp) = K%rp exp E¢p (P) = 12000

( 12000 )

RTO
(ktr,m)o = KO%r,m exp

(F)

RTO
(kir,s)o = KOtr,s exp

(%)

RT®

(cal/g-mole)

A
Eirm (P) = 12000

)

(cal/g-mole)

A
Etrs (P) = 12000

(cal/g-mole)
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SYSTEM EQUATIONS FOR THE HIGH-PRESSURE
POLYETHYLENE TUBULAR REACTOR WITH
AXIAL MIXING (TRAM)

The differential equations representing the mathematical
model of the polyethylene tubular reactor with axial mix-
ing are presented. These differential equations will be
transformed into integral equations, which will then be
analyzed in the square-integrable function space Ls[0, 1]
to derive both a uniqueness criterion and algorithms for
numerical computations.

Mass and Energy Balance

The steady state mass and energy balance of the TRAM
for the polymerization of ethylene may be written as

(i) Mass balance for initiator

C C
B, &G, 4o

A
— Eq4(P) )_ 0
I de dx -

—_ Cl(kd)o exp ( RT

(10)
(ii) Mass balance for monomer
i\) dsz dCM

P OR
A
(kp)o? (kae)o ( — Epa(P) ) Y
- CiaCy=0
{ (kedo P\ RT } e
(11)
(iii) Energy balance
A d°T ar
K. ) — pC, vd_x+ (— AHy)
A
(kp)o® (kae)o ( — Epai(P) )}Vz ”
2 C
{ do P\ RT Cr Cu
Ea(P)
+ (— AHg) (kq4)oCr exp (—7&—')

4U
-5 (T-T)=0 (12)

together with the boundary conditions:
(i} At the tube entrance (x = 0):

A d
v((C1)o — C1)]z=0 = —Dl%] (13)
X =0
A C
o((Gudo— Ci)lemo = — Du 2] (19)
X z=0
A dT
pCp(To = T)Tams = — R - | (15)
X =0

(ii) At the tube exit (x = L)

dc,] o ch] o dT] —o
dx =L -7 dx =L -7 dx =L -
(16)

The above equations can easily be derived by starting
with the fundamental equations of change (see, for ex-
ample, Levenspiel, 1962; Aris, 1965; Smith, 1970) and
by using the reaction rate expressions. Implicit in writing
Equations (10) to (16) is the assumption that the reacting
system is homogeneous (that is, a single phase).

Note that in Equation (12) the heat effects due to the
chain initiation and termination steps are neglected. Note
further that the use of the steady state assumption for free-
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radicals has enabled us to eliminate the intermediate spe-
cies (free radicals) from the basic mass and energy balance
equation.

Introducing new dimensionless variables (see Notation),
Equations (1v) to (16) may be rewritten as

1 dzl/l dyl N
Pe; dz? dz + filyn ys) =0 (17)
l d2y2 dy2 _
Pey dz2  dz + f2(y1, Y2, ys) = 0 (18)
1 d%s dy

3
ey diz  ds P + f3(y1, y2, ys) =0 (19)

together with boundary conditions

Pery;(0) = idyz—l ] i (20)
Pege(0) = 2] (21)
Poags(@) =2 | (22)

(23)

in which fy, fs, and f; are defined by

) (e

f1(y1, ys) = Da; (1 — yy) exp( T+ om0

fa(y1, Y, ya)
€ Y2
= (1—ys) { Da(1 — 1) exp( -1-1%;)} (25)

fs(y1, Y2, y3) = Bif1(ys, ya) + Bofa(y1, y2, ys) + ,8%26)
Expressions for the Molecular Weight of the Product

The polymer product consists of a mixture of similar
species, each having different molecular weights. It is
customary to represent the molecular weight of a polymer
in terms of the number- and weight-average molecular
weight,

If the nth moment of a polymer is defined by the equa-
tion

Qn—': i Cu, (27)
r=2

the number- and weight-average molecular weight are
given by
280,

M, = 0, (28)
and
i, = 280 (29)
O

respectively, in which 28 is the molecular weight of ethyl-
ene. It can be seen then that the computation of the aver-
age molecular weights requires the determination of the
zeroth (Qy), first (Q;), and second moments (Qs) of the
dead polymer.

Now, the mass balance equation for dead polymer M,
(r = 2, ) can be expressed by

ﬁ dZCM,. — dCM,.

By, =0 30
M g2 dx + By (30)
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together with the boundary conditions
A dCMf

((CMr)o - CMr) =o=— DMr"'(E" o (31)
dCu, |

If Equations (30) to (32) are multiplied by r* and
summed fromr = 2 to r = o0, one has

A dZQn dQn o n
My W - o + ’gi r RM,. =0 (33)
together with the boundary conditions
@ A dQn
™ (Cup)o — On =-~D
,gz ( Mylo Q } =0 Mr dx =0
(34)
—_ =0 85

dx z=L ( )

The solution of Equation (33) will yield the desired mo-
ments for n = 0, 1 and 2. Note that, in writing Equations
(33) to (35), it is assumed that the empirical axial dif-

fusivity ﬁM, is independent of chain length,
The overall reaction rate for dead polymer 2 Ry, in

r=2
Equation (33) for n = 0 is given by Equation (4). The
first and second moments

[i rRM,] and [i r2 Ry,

r=2 r=2

of the dead polymer are given by (Agrawal, 1974):

L]

2 r Rm, = @5 (36)
r=2

and
2 12 RM’ = dg (37)
r=2

in which ®5 and ®g are defined by
@5 = 2kec(Q0®)2 + Qo® (kpCu + kr)

— (kr + kt,pQo)Cuyy»  (38)
and

@5 = 2k ((Q1°)2 + (Q0°)2) + Qo® (kpCut + kr)
+ 2kpCuQ1® — (kr + ker,pQo) Cays  (39)
Note that Q* is given by Equation (9) and Q;* which is
the first moment of total free radical concentration, is given

by
o 2kee(Q0°)2 + Qo® (kpCu + kr + kier,pQ1)

Q° =
(v — kyCm)

Introducing new dimensionless variables (see Notation),
Equations (33) to (35) can be rewritten as

(40)

For n=0,

1 dye dys L ®4(2)
) —_— =0 (41
o d 4z o (Co, Tl =004D)

in which f4(y4) is defined by

falye) = (kr + (Ca)p kerp (1 — ys) )Carye  (42)

L
v(Cy4)
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For n=1,

1 dzys_i!{g L ®5(z) ~0 (43)

Pey, dz? dz v (Cs)o
for n=2,
L &
1 d2y6__¢£!l_6 L s(z)zo (44)
Pey, dz? dz v {Cs)y

Also, boundary conditions (34) and (35) may be rewritten
as

For n=20,
dy4 ] dy.; ]
P, 0) = — N =0
oty y4( ) dz J;:o dz -Jz=1 (45)
for n=1,
dys 1 dys T
P 0) = — ;  — =0
eMT ys( ) dz < z=0 dz —z=1 (46)
for n=2,
dys ] dyg ]
Py =32 o gl =0 @
z= ~z=

Transformation of System Differential Equations into
Integral Equations

In order to apply the Contraction Mapping Theorem to
Equations (17) to (19) and to Equations (41) to (44)
for obtaining a uniqueness criterion and numerical algo-
rithms for computing the steady state solutions, it is essen-
tial to transform the differential equations into integral
equations. However, before this transformation is under-
taken, we shall introduce the following transformations:

41(z) = exp (— Pe; 2/2) y1(2) (48)
Y2(z) = exp (— Pew 2/2) ya(2) (49)
g//\s(z) = exp (— Pex 2/2) ys(z) (50)

/g}n+3(z) = exp (— Pen, 2/2)yn+3(2); (n=1,2, ?5)1

This is done merely for convenience in solving an associ-
ated eigenvalue problem (Han and Agrawal, 1973) which
will arise in the subsequent analysis.
Then the integral representation of Equations (17) to
(19), and Equations (41) to (44) may be given by
A
!//\i = A\i Yi (i = 1’ 2’ 3: 4’ 5) 6) (52)

where ﬁi are integral operators defined by (Han and
Agrawal, 1973):

1 A
A g = j:, ?Ci(z, £€) fi(€, Y1, Y2, Y3, Ys» Y5, Ye) dé

(i=1,2,3,4,56) (53)
in which

?1(z, y1, ys) = Per exp (— Per 2/2) fi(ys, ys) (54)

/f\z(k’, Y1, Y2, y3) = Penexp (— Pem 2/2) f2(ys, y2, yS)(SS)

/f\a(Z, Y1, Y2, Y3) = Pey exp (— Pen 2/2) fs(y1, y2, y?)56)
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Filz ya) .
= Pey, exp (— Pewu, z/2) { - qz‘lc(f))o + fa(ys) }
(57)
L >
?5(z, y4) = Pey, exp (— Pey, 2/2) { - %}
/f\s(z,y«;) = Peu, exp (— Pen, 2/2) { % %!‘/':l}
(59)

It should be noted that ®5 and @ depend on y4. Note that
/I\q(z, ) (i = 1to 6) in Equation (53) are the kernels of

the integral operators 24 (i=1,....6) and they are
given by

k(s 0) = 5 lop(Perte — 2)/2) Hz — )
+ exp (Peslz— £)/2) H(E—2)]  (60)
fal £) = 5 [ewp (Pew(E = 2)/2) H(z — 8)
. + exp (Pem(z — £€)/2) H(¢—2)] (61)
k(2 €)
{22 2 oo} {o - :;:em—a} H(E - 7)

(a+b a—b
2b 20 —
ia—be a+b}

[ebe _s-b e—b ] [ebz - _aa__:_;’_’eb(z—z)] H(z —¢)

+ a+b
a+b b a—0>b
2b{ a_be2 —a+b }
(62)
1
Knvs(z8) = [exp (Pew, (£ — 2)/2) H(z — £)

PeM,.
+eXP (PeMr(z"'E)/z) H(E—Z)]; (n=1’2’ 3) (63)
in which H (¢ — z) is the Heaviside unit function and
a = Pey/2 (64)
Penz
b= :

Readers who are not familiar with the use of integral
operators may consult the standard textbooks (Coddington
and Levinson, 1955; Friedman, 1956).

%
+ Peafl) (65)

STEADY STATE SOLUTION AND ITS UNIQUENESS
FOR THE POLYETHYLENE TRAM SYSTEM EQUATIONS

We now present an analysis which shows that the steady
state solutions of the system Equation (52) exist and that
they are unique. This is done by using an analytical tool
very similar to that presented in an earlier paper by Han
and Agrawal (1973), who then considered a simple chem-
ical reaction: A — B. In the present paper, however, ex-
pressions are developed which permit us to compute not
only the profiles of reaction temperature and concentration,
but also the average molecular weight (number- and
weight-average) profiles.
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Uniqueness Criterion of Steady State Solution

For i = 1, 2 and 3, Equation (52) represents the mass
and energy balance of the polyethylene TRAM, which may

be written as

A A A

Y=AY (66)
where

A

and

>

Il
o
b
»

(68)

in which the integral operators A\; (i = 1, 2, 3) are de-
fined by Equation (53).

We shall derive below the conditions for which the
operator K is a contraction mapping in the function space
L, 35[0, 1]. Application of the Contraction Mapping The-
orem will then yield a uniqueness criterion for the solu-
tion of Equation (66).

A
In order to show that the operator A is a contraction

A
mapping, one has to first show that A maps the function
Ly 3 into itself. The norm (in the function space Ly 5[0, 1])

of the measurable function Q, defined by Equation (686),
is given by
AD fl AR AS
Il AYHL%3 =), (AY)T(AY) dz (69)

Using Equations (68) and (53), Equation (69) can be re-

written as

A A
2
1AS e,

= j:,l :}:1 [ J‘: 2i(z, ¢) ;‘\i(f, Y1, Y2, Y3) df]zdz (70)

A
We shall show below that the integral operator A maps the
space Ly into itself. For this, we first observe that the
functions fi(y1, ys, ys) (i = 1, 2, 3), which are defined by
Equations (24) to (26), satisfy the following inequalities:

[f1(y1, y3) — fir(¥1,¥s) | =Ny lys — | + Nua |ys —(\'Ifll)

[f2(y1, Yo, y3) — o1, Yo, ¥s3) | = Nojz |y1 — ]
+ Nag |ya — ¥o| + Noa lys — ¢s|  (72)
[fa(y1, Y2, y3)

2

— fa(¥1, P2, ¥3) | = { 2 [BiNi,1 J lys — ¥4

i=1

2
+ BaNyjs |y — o] + 2 |BiNi 5| ] lys — ¥s| (73)
i=1

where

1':1,2,3)

(74)
If we now define Npax: (£ = 1,2, 3) by
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Nmax,1 = Max (Ny,1, N1,3) (75)

Nmax2 = Max (Na,j, Na2, Nog) (76)

2 2
Nmax,s = Max 2 |BiNia|, BaNa2, 2 |BiNis

i=1 i=1

(77)

Inequalities (71) to (73) can be rewritten as

[11(y1, ys) — F1(¥s, ¥8) | = Nimax,1 Llys — va| + lys — \éfg{lg)

3
Ife(ys, Y2, ys) — fa(¥1, Y2, ¥3) | = Nimax2 2 lys — wil ]
[ i=1
(79)

lys — Wil
(80)

In order to show that Inequalities (78) to (80) are
bounded in the space L2;[0, 1], we examine the bound-
edness of the partial derivatives of the functions f; (i =
1, 2, 3). Using Equation (74) and Equations (24) to
(26), it can be shown that

M-

Ifs (Y1, y2, ys) — fa(¥s, ¥2, ¥3) | = Nimaxs

I
X

- )]
Ny = Sup [Da; €xp ( 1+ ags
vz € L2’1
P
== Da; exp (m) (81)
Da;(1 — y1) Ys
N1,3 = SUP [ €xp
vy¥gelyy (14 exys)® 1+ eys
A
- P P
=Deep\1rar/) ¥
Ng,1 = .
€2Y3 Ya
Day € (
Sup L s (1—y2)
1—
v vevgelay A yl)
r €21/>\ Yo
Dowep \T5oF
= Su : (83)
P 2(1— g1)
¥ EL2’1 yl
No = Sup { Day(1 — y1) exp (—1—_6:21——) ] }
v1.93€La,y ) “1ys
P
= Day exp (re:l-e-l-?-) (84)
Nps=  Sup
ypvgugelyy

Y%
Day (1 —yy) exp (—ﬁ%—)ez
il

(14 e1ys)?

(1 —ye)

—L) )

s[DaM(l — t1) exp ( T3P
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where P is given by
Sup ) y3(z) =P<w (86)
0=z=
Now if y; is such that
Sup . y1(z) <1 (87)
0=z=

is satisfied (that is, the consumption of the initiator is less
than 100% ), it can be shown that the partial derivatives
of the functions f; (i = 1, 2, 3) are bounded, that is, the
inequality

Ni,j < 03 (i = 1, 2; i = 1, 2, 3) (88)

A

is satisfied. Further, since the kernels k;(z, £) are continu-

ous in z and ¢ [see Equations (60) to (63)], it can be
A A

shown that the norm of A Y is bounded, that is,

AN
AT, < (89)

A A
for all Y € Ly 3. That is, the operator A maps the space Lz3
into itself.

AD
Having shown that || A Y||? is finite, one can show

further that the norm of (X Q - K a) is bounded also
(Agrawal, 1974). That is,

A A AN A A
JAY—AG[ =(a)?||Y—-¢|F,  (90)
2,3 2°3
where a; is defined by
A A
ay = [2(?@1Nmu‘1N1;L11)2 + 3(P3MNmax,2N2/L1")2

+ 3(PerNuagsNa)2]%  (91)

in which
1
wl = (Per)? ; ai(Per) >0 (92)
2+ ay(Per)
4
1
m = Pen? ; ax(Pem) >0  (93)
i + ay(Pey)
and
ur = - (Pex) >0
M1 - (PeM)2 5 as\teq

+ PeyB + as(Pey)
(94)

A
Note in Equation (91) that Ny, 2/\\72, and 103 are given by

Sup [exp (Ez- (Pey — Pey) ) ]

A 0=2=1
N; = for Pey > Pe;
(95)
1 for Pey = Pe;
and
A A A
Np = max (Naz,;1, Nag) (96)
A A A
N3 = max (N3,1, N3z) (97)
where
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z
Sup [exp (-2— (Per — PGM)) ]
0==z2=1
1/\\72.1 = 1 for Pe;> Pey
(98)
1 for Pe;=Pey
r 2
Sup [exp (—2— (Pey — Pen) ) ]
A 0=z=1
Nys = 1 for Pey > Pey
(99)
1 for Pey = Pey
and
[ z
Sup [exp (— (Pe; — Pey) ) ]
A 0=2=1 2
N3y = for Pe;> Pey
(100)
1 for Pe; = Pey
4
Sup [exp (— (Pem — Peg)> ]
2
A 0=z=1
N32 = for Pey > Pey
(101)
1 for Pey = Pey
If o is such that the inequality
a; <1 (102)

is satisfied, the operator A is a contraction mapping in
L;3. Hence, applying the Contraction Mapping Theorem,
the solution of Equation (66) is unique if Inequality (102)
is satisfied.

Note that Inequality (102) is the uniqueness criterion
for the temperature and concentration (initiator and mono-
mer) profiles of the polyethylene TRAM. For a given so-
lution of Equation (66) (that is, for given temperature
and concentration profiles), if one wishes to show the
uniqueness of the average molecular weight profile (num-
ber- and weight-average), one has to examine the unique-
ness of the dead polymer moment profiles (that is, zeroth,
first, and second moment), that is, of the solutions of
Equations (52) for i = 4, 5, and 6. Now, it can be easily
seen from Equations (53), (58), and (59) that the solu-

tions of Equation (52) for ¢ = 5 and 6 [that is, /y\s(z) and
_t;\s(z)] will be unique if the solution of Equation (52) for

i = 4 [that is, Iy\4(z)] is unique.

The criterion for the existence and uniqueness of the
steady state solution for Equation (52) for i = 4 may be
derived in a manner similar to that shown above by de-

A
veloping a criterion for which the operation A4 is a con-
traction mapping in the function space Ly,;[0, 11. This is
done by first observing that [see Equation (42)]:

[f4(z, ya) — f4(2,¥)| = Na,a [ys — ¥4 (103)
where
d

N4,4 = S'I.Ip -£
oz=1 | OYt

JI4€L2'1
Lk,

= Sup D;P {kr + (C4)g kerp(1 — ya(z) )}
0=z=1

{2k (Qu")2 + ko Qo%) = [ - Cone ) e ||
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Lk,
[ "F hr + (C4) o kerp}

v

L i
{2kte (Q0®)2 + krQo®} + - Cuy» (2,44 =1) kerp ]
(104)
A A A A
One can further show that (Aswys — Agps) is bounded
(Agrawal, 1974), that is,
A A A A A A
[|Asys — A4‘I’4“2Lz'1 = (a)?|| ys — ‘!’4”21,2J (108)
where as is defined by
(1086)

Note that iV is a function of Pey, and is of the same
form as Equation (93). If a; is such that the inequality

<1 (107)

as = Pey, Nuy iV

is satisfied, then the operator 34 is a contraction mapping
in Ly 1[0, 1]. It then follows from the Contraction Map-
ping theorem that, for given temperature and concentra-
tion profiles, the solution of Equation (52) for i = 4 will
exist and be unique if Inequality (107) is satisfied. Conse-
quently, the average molecular weight (number- and
weight-average) profiles will be unique if Inequalities
(102) and (107) are satisfied.

Algorithms for Numerical Computation of Steady State
Solution

It should be noted that the Contraction Mapping The-
orem provides not only a uniqueness criterion for the solu-
tion of Equation (52) but also a numerical algorithm
(successive approximation scheme) for obtaining the solu-
tion of the system Equation (52).

Hence if Inequality (102) is satisfied, the temperature
and concentration profiles of the polyethylene TRAM can
be computed from the algorithm given by

A FANAN
g™ =Agrv (i=1,2,39) (108)

[see Equations (66) to (68)]. Once the temperature and
concentration profiles are computed by the above algo-
rithm, profiles of the total dead polymer concentration can
be computed by

A A A

ys™ = AgyynmD (109)

so long as Inequality (107) is satisfied. Note that Equa-
tions (108) and (109) may be rewritten more explicitly as

1
ly\l“"(z) = J:) /’zx(Z, £) /f\1(§> TR T - /2

(110)

1
9 (2) = fo ka(z, €) 3‘\2(5, 1D, gD, yan ) dE
(111)

1
@) = f (e 0) ol pnD, a0, ys@D) d
(112)

poo) = f. o hepr & (119)

It should be noted that computation of the first and
second moments of dead polymers [that is, solutions for
ly\s(z) and /y\s(z)] does not require an iterative method
since they are easily computed by evaluating the follow-
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TaBLE 2. VALUES OF SYSTEM PARAMETERS

T-Butyl hydroperoxide
25,000 cal/g-mole*
8.2 x 1011 (1/s)*®
2,500 atm.

Initiator used:

Activation energy (Eq):
Reaction rate constant (kq)o
Reactor pressure (P)

¢ See Tobolsky (1954) and Guillet (1964).
¢® See American Petroleum Institute Data Book on Hydrocarbons (1968).

ing integrals:

A LA A

ys(z) = J:, ks(z, €) f5(2, ys) dé (114)
and .

0@ = f heohagd @)

RESULTS AND DISCUSSION

The successive approximation scheme given by Equa-
tions (110) to (112) is used for analysis of the effect of
several important polyethylene reactor operating variables,
such as initiator concentration, jacket temperature, etc., on
monomer conversion and product properties (that is, mo-
lecular weight distributions). Since the numerical results
were generated to gain some insight into the control and
operation of the reactor, several simplifying assumptions
were made as follows.

Polyethylene reactors are operated at high linear veloci-
ties (50 to 100 ft./s), and therefore the reactor pressure
at the exit is lower than that at the entrance. Moreover,
due to the increase in polymer concentration (hence an in-
crease in viscosity), the pressure drop per unit length of
the reactor will increase in the direction of the reactor exit.
It is reported (Albright, 1974) that pressure drop in the
reactor can range from 100 to 350 atm. Using published
viscosity data on ethylene-polyethylene mixtures, we could
compute the pressure drop and thus incorporate the effect
of varying reactor pressure into the mathematical model.
However, in order to simplify computation, it was assumed
in the present study that reactor operating pressure is con-
stant throughout the reactor. Since the polymerization rate
is strongly dependent on pressure (see Table 1), the
computed monomer conversions can be expected to be
higher than encountered in commercial practice.

The calculations for conversion and product properties
were made for a single injection of initiator along the
tubular reactor. One reactor section consists of the pre-
heating zone, reaction zone, and the cooling zone. Reaction
sections are similar to each other from the standpoint of
monomer conversion, but. differ in the magnitude of long
chain branching and, hence, in polydispersity. This is be-
cause, as will be seen below, long chain branching is de-
pendent upon the polymer concentration.

The inside (wall) film resistance to heat transfer will be
a function of the amount of polymer deposited on the walls
of the reactor. Consequently, the overall heat transfer co-
efficient will vary along the length of the reactor and will
be lower in the portions of the reactor where the tempera-
tures are lower and the polymer concentrations higher.
Since data on reactor heat transfer coefficient profiles is
not available in the literature, it was assumed that the heat
transfer coefficient is constant throughout the length of the
reactor. Most of the computation was done by using an
arbitrarily selected value of U = 98.25 cal/hr. em? °C.

As mentioned above, polyethylene reactors are pulsed
periodically, and this increases the degree of axial mixing.
Although some data for the axial mixing diffusivity in

AIChE Journal (Vol. 21, No. 3)

Reactor diameter (D): 2.54 cm

Feed flow rate: 1.132 x 107 g/hr.
Heat capacity, Cp: 0.85 cal/g °C**®
Density of reactor fluid (p): 0.72 g/cm3**®

tubes (as a function of Reynolds number) for steady flow
are available in the literature (Levenspiel, 1962), there is
no study reported in the literature which relates pulsing
frequency and amplitude to axial mixing diffusivity. There-
fore, in the present study the effect of axial mixing was
investigated by varying the value of Peclet number.

The initiator and monomer concentration profiles, to-
gether with the reactor temperature profile, were com-
puted by first selecting system parameters in such a way
that Inequality (102) was satisfied. The computation was
carried out using the iteration scheme given by Equations
(110) to (112). The criteria used for convergence are

| _t;\i(")(z) - g;:("‘l)(z)[ =0.005exp (— Pez) (i=1,2)
d (116)
an

| 95 (2) — §a=D(z)| = 005 exp (— Pez) (117)

Note that when the solution is converged at the nth itera-
tion, the error is given by

(a1)®

T — R0y, =
[ s =5

H%m — Q‘(O)HLm (118)

— ay

where o is given by Inequality (102) and ¥* is the solu-
tion sought for.

Table 2 gives numerical values of the system parameters
(for example, reaction rate constant, activation energy,
etc.) used for obtaining the results presented. It should be
mentioned that the values of system parameters were taken
from the literature wherever possible and that some rea-
sonable guesses had to be made by exercising our under-
standing of the industrial practice in operating high pres-
sure polyethylene tubular reactors. The diameter of the
reactor was assumed to be 2.54 cm. Two different reactor
lengths were investigated, namely, 457 and 1525 m. It is
reported (Albright, 1974) that reactor diameters are in the
range of 25 to 76 mm, and that reactor lengths vary from
245 to 760 m. The feed flow rate was chosen to be 1.132
X 107 g/hr. This gives a reactor residence time of 50 s
for the case of L = 457 m, and a residence time of 165 s
for the case of L = 1525 m. It is reported (Albright, 1974)
that reactor residence times vary from 45 to 60 s. The
references for the ethylene transport properties (density
and heat capacity) and the initiator properties (rate con-
stant, activation energy) used in the computation are given
in Table 2.

It should be noted that we assumed chain transfer reac-
tions to monomer and initiator to be negligible, that the
initiator efficiency is independent of pressure, and that
the intramolecular chain transfer reaction, which gives rise
to short chain branching, is not important (relative to
molecular weight distribution) compared to the intermo-
lecular chain transfer reaction, which gives rise to long
chain branching,

Effect of Heat Transfer on Reactor Performance

From the standpoint of heat transfer, the reactor can
be viewed as consisting of two zones. In the first zone (the
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Fig. 1. Reactor temperature and concentration profiles as a function
of jacket fluid temperature for U = 98.25 cal/hr. cm2 °C, Pe =
100, To = 70°C and (Cp)y = 83 X 10~7 g-moles/cc.

so-called “preheating zone”), the feed is raised to initiation
temperature by external heating, and in the second zone
(the so-called “cooling zone”), the heat of reaction is re-
moved by external cooling., As indicated earlier, both the
heating of the feed and the removal of the reaction heat
can be accomplished with a constant jacket fluid tempera-
ture, or with a combination of a high jacket temperature
for preheating and a low jacket temperature for removing
the heat of reaction. It should be noted that the actual
value of the jacket temperature used is also governed by
the degree of polymer plating on the wall of the reactor
since lower jacket temperatures would increase the poly-
mer build-up and hence adversely affect the heat transfer
coefficient. Since data on jacket temperatures are not avail-
able in the literature, values of jacket temperature were
selected to give a reasonable monomer conversion.

Let us first consider the case where the jacket tempera-
ture is kept constant throughout the entire reactor. The
temperature and concentration profiles are given in Fig-
ures 1 and 2 for U = 98.25 and 196.5 cal/hr. cm? °C,
respectively.

It is seen in Figure 1 that the reactor with U = 98.25
cal/hr. ecm? °C requires a longer preheating zone, as re-
flected by the longer distance from the inlet at which a
peak temperature occurs, compared to that for U = 196.5
cal/hr, em? °C shown in Figure 2. Although an increase in
jacket temperature reduces the distance at which a peak
temperature occurs and requires a shorter reactor length
for preheating the feed to initiation temperature, the sys-
tem becomes sensitive to variations in jacket temperature.
For example, it can be seen from Figure 1 that an increase
in jacket temperature from 114° to 115°C increases the
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peak temperature by 40°C. At higher jacket temperatures,
one would expect to have greater sensitivity. Consequently,
stable reactor operation requires a low jacket temperature
which, in turn, requires a longer reactor. Note in Figure 1,
however, that an increase in jacket temperature also brings
about a higher reactor temperature, which results in an in-
crease in initiator and monomer conversion.

For the reactor system with a higher heat transfer coeffi-
cient, higher jacket temperatures are permissible while
keeping the reactor less sensitive to the variations in jacket
temperature (see Figure 2). This results in a shorter pre-
heating zone. Thus, for the same range in monomer con-
version (4.50% to 24%), the distance at which a peak
temperature occurs, for the system with U = 196.5 cal/
hr. em? °C, is in the range of 6.87 X 10 to 3.80 X 10¢
cm. Hence, for the same monomer conversion, a system
with a higher heat transfer coefficient should require a
shorter reactor. For example, it may be seen in Figure 2
that, for U = 196.5 cal/hr cm? °C, if we select a jacket
temperature of 120°C, a monomer conversion of 13% can
be obtained in a reactor length of only 9.95 X 10% cm.
Note that, for such a reactor, a change in the jacket tem-
perature of 5°C increases the peak temperature by only
9°C. On the other hand, for the system with U = 98.25
cal/hr cm? °C, the same monomer conversion requires a
jacket temperature of at least 110°C and a reactor length
of 15.25 X 10* cm. Therefore in this case not only must
the reactor be longer, but it is also more sensitive to varia-
tion in jacket temperature. Note that a change in jacket
temperature of 5°C increases the peak temperature by
61°C. This indicates also that reactor fouling can affect
the stability of the reactor significantly.

The temperature and concentration profiles for different
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Fig. 2. Reactor temperature and concentration profiles as a function
of jacket fluid temperature for U — 196.5 cal/hr. cm2 °C, Pe —
100, To = 70°C and (C)g = 8.3 X 10~ 7 g-moles/cc.
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Pe = 100, Tp = 70°C, and (Cr)p = 8.3 X 10—7 g-moles/cc.
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values of the heat transfer coefficient are given in Figure
3. As the heat transfer coefficient is reduced, both the peak
reactor temperature and the distance for peak temperature
increase. In spite of the increase in the distance for peak
temperature, reactor temperatures in the cooling Zone are
higher (see Figure 3) and hence both initiator and mono-
mer conversions increase with a decrease in heat transfer
coefficient. Note that, for the case where U = 0 (adiabatic
reactor), the initiator and monomer conversion are negli-
gible. This is due to the fact that the feed cannot be pre-
heated to initiation temperatures.

Let us now consider the case for which different jacket
temperatures are used in the preheating and cooling zones
of the reactor. The temperature and concentration profiles
are given in Figure 4. Note that the jacket temperature in
the cooling zone of the reactor, 0 = L = 1.78 x 104, is
kept constant at 50°C. Note further that in Figure 4 the
computations were carried out for a reactor length of 4.57
X 10* cm. With a higher jacket temperature in the pre-
heating zone, a shorter reactor is required to preheat the
feed up to initiation temperatures, as may be seen in Fig-
ure 4. It is seen that, for a monomer conversion in the
range of 5.0% to 13.0%, the distance for peak tempera-
ture lies somewhere in the range of 2.06 X 10* cm to 1.83
X 10* cm, as opposed to a range of 10.7 X 10* cm to 9.95
X 10% cm for the reactor with a fixed jacket temperature
for the entire reactor (see Figure 4).

Effect of Feed Conditions on Reactor Performance
The temperature and concentration profiles for different

values of the feed initiator concentration are given in Fig-
ure 5 and in Figure 6 for different values of the feed tem-
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Fig. 5. Reactor temperature and concentration profiles as a function

of feed initiator concentration for U — 98.25 cal/hr. cm2 °C, Pe =
100, To = 70°C, and T, = 100°C.
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perature. Since the polymerization rate is proportional to
the square root of the initiator concentration, as the ini-
tiator concentration is increased the monomer conversion
is increased accordingly. As a consequence, both the peak
temperature and initiator conversion also increase. Thus,
an increase in initiator concentration brings about a high
monomer conversion even at a low jacket temperature.
For example, at a jacket temperature of 100°C, one can
increase monomer conversion from 3.65% to 25.5% by
increasing the initiator concentration from 8.3 X 1077 to
5.33 x 1078 g-moles/cc. However, this also brings about
an increased sensitivity to perturbations in feed concen-
tration. An increase of 79 in the initiator concentration
from 4.98 X 1076 to 5.33 X 107¢ g-moles/cc increases
the peak temperature by 27°C. Note that an increase in
feed concentration also increases the distance for peak
temperatures. For an initiator concentration greater than
5,15 X 1076 g-moles/cc, the heat generation rate of the
reactor exceeds the heat removal rate at all points. Conse-
quently, the peak temperature occurs at the end of the re-
actor. A further increase in feed initiator concentration in-
creases the peak temperature at an explosive rate, For ex-
ample, an increase of initiator concentration by 0.2%
(from 5.32 X 1078 to 5.33 X 10% g-moles/cc) increases
the peak temperature by 11°C,

With an increase in reactor feed temperature T, the
distance for peak temperature decreases. This is as ex-
pected because a shorter reactor is required to heat the
feed to initiation temperature. Thus, an increase in the
feed temperature from 70° to 120°C reduces the distance
for peak temperature from 9.94 X 10% to 4.57 X 10* cm.
Varying the feed temperature from 70° to 100°C leaves
the peak temperature unchanged. For To > 100°C, the

Page 460 May, 1975

reactor peak temperature increases at an increasing rate.
It can also be seen from Figure 6 that an increase in Ty
increases the reactor temperature, and hence the initiator
and monomer conversion, to be higher in the preheating
zone of the reactor. Consequently initiator and monomer
conversion will increase with an increase in feed tempera-
ture.

Effect of Axial Mixing on Reactor Perfor

The effect of mixing on conversion and peak tempera-
ture was studied by varying the Peclet number. The tem-
perature and concentration profiles are given in Figure 7.
It is seen in Figure 7 that, as the degree of axial mixing
in the reactor is increased (that is, as the Peclet number
is reduced), the temperature and concentration profiles in
the reactor flatten. Thus a decrease in the Peclet number
brings about a higher reactor temperature and higher con-
version of initiator and monomer in the preheating zone,
whereas it brings about a lower peak temperature and
lower overall conversion at the reactor exit. Since commer-
cial reactors are pulsed periodically, one may expect the
monomer conversion to decrease with an increase in the
frequency (or severity) of pulsing.

Number-Average Molecular Weight and Polydispersity
without Chain Transfer Reactions

The number- and weight-average molecular weights
were computed by first solving Equation (52) for i = 4
for the total dead polymer concentration (the zeroth mo-
ment of dead polymer). This was done by using the suc-
cessive approximation scheme given by Equation (113),
together with the temperature and concentration (initiator
and monomer) profiles computed first. Once the zeroth
moment of the total dead polymer is computed, the first
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Fig. 7. Reactor temperature and concentration profiles as a function
of Peclet number for U — 9825 cal/hr. cm2 °C, Ty, = 70°C,
Ter = 156°C, Teo = 50°C and (Cplg = 8.3 X 10~7 g-moles/cc.
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Fig. 8. Reactor temperature, free-radical concentration, and number-

average moleculor weight profiles for U — 98.25 cal/hr. ¢cm2 °C,

Tez = 50°C, Pe = 100, Ty = 70°C, and (C1)o = 83 X 107
g-moles/cc.

and second moments of dead polymer are found by solv-
ing Equations (114) and (115), respectively, and then
the number- and weight-average molecular weight are
computed by using Equations (28) and (29), respectively.
The average molecular weights were computed by both
including and excluding chain transfer reactions from the
reaction kinetics. Let us first consider the case for which
chain transfer reaction rates are negligible.

Profiles of the reactor temperature, the total free radical
concentration Qo* and the number-average molecular
weight M., are given in Figure 8. It is seen in Figure 8 that
changes in both the free radical concentration and the
number-average molecular weight are closely related to the
changes in reactor temperature. Thus, as the reactor tem-
perature increases, Qp* also increases, while M,, decreases.
Conversely, as the reactor temperature decreases, Qo® also
decreases while M, increases slightly.

Now, note that the total free radical termination rate, or
the rate at which dead polymer chains are being formed, is

given by
RtC.M'r = ktc(QO‘ )2 (119)
and the overall polymerization rate is given by
R, =k, Cu Qo° (120)

Since the increase in the propagation rate k, with tem-
perature is less than that in Q,®, the increase in the total
free radical termination rate is greater than that in the
overall polymerization rate. Hence, as the reactor tempera-
ture rises, the number-average molecular weight of the
dead polymer being formed is reduced. Similarly, since the
decrease in Ric,u, is greater than that in Ry, as the reactor
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temperature decreases, the number-average molecular
weight of the dead polymer being formed will increase.
Note further in Figure 8 that although the reactor tem-
perature is reduced significantly in the cooling zone of the
reactor, the increase in My is relatively small. This is at-
tributable to the fact that very little monomer conversion
takes place in this portion of the reactor. (See Figure 4).

On the basis of the above discussion, it can be seen that
the temperature profile in the reactor has a strong influ-
ence on the number-average molecular weight of the prod-
uct M,. Since, as discussed above, the reactor temperature
profile is affected by various operating variables, one can
expect M., to vary with the jacket temperature, initiator
concentration, etc. The number-average molecular weight
M,, and polydispersity M,/M,, which is defined as the
ratio of weight- to number-average molecular weight, are
listed in Table 3 for various values of feed temperature,
jacket temperature, initiator concentration, and the Peclet
number.

If we take a close look at Table 3, it can be seen that
M, decreases rapidly as the feed initiator concentration is
increased. This is attributable to the fact that, with an
increase in initiator concentration, the free radical concen-
tration Qo° increases the reactor temperature, which in.
turn increases the rate of termination of the polymerization
reaction. For instance, increasing the initiator concentra-
tion from 8.3 X 10~7 to 5.33 X 1078 g-moles/cc causes

a decrease in M, from 640,000 to 156,000.

TasLE 3. EFrFeEcT oF REACTOR OPERATING CONDITIONS ON
THE NUMBER-AVERAGE MOLECULAR WEIGHT (My)
AND POLYDISPERSITY (My/My)

Number-average

Reactor molecular weight  Polydispersity
variables (My) ( M/ M)
A. Jacket temperature, °C
100 522,000 1.5
110 398,000 15
113 348,000 1.5
114 333,000 1.5
115 312,000 1.5

B. Initiator concentration, g-moles/cc

83 X 107 640,000 1.5
1.66 x 10—6 432,000 1.5
3.32 x 10-6 272,000 1.5
4.98 x 108 200,000 1.5
5.32 X 108 165,000 1.5
5.33 x 10—8 156,000 1.5
C. Feed temperature, °C
70 398,000 1.5
120 372,000 1.5
122 368,000 1.5
128 340,000 1.5
128.5 336,000 1.5
129.0 333,000 1.5
D. Peclet number

500 246,000 15
100 253,000 15

50 262,000 1.5
20 308,000 L5

10 362,000 1.5
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The effect of axial mixing on M, was also studied by
varying the Peclet number. It can be seen from Table 3
that as the Peclet number is decreased, M, is increased.
For instance, as the Peclet number is reduced from 500
to 10, M, increases from 246,000 to 362,000. It can be
then concluded that pulsing the reactor fluid will affect
not only the monomer conversion, but also the number-
average molecular weight.

On examining Table 3, it is seen that the polydispersity
is not affected by variations in reactor variables, giving a
constant value of M,,/M, = 1.5, This is due to the absence
of any chain transfer reactions.

Effect of Chain Transfer to Dead Polymer on
Molecular Parameters

Polyethylene made by the high pressure process is char-
acterized by a high value of polydispersity. This is at-
tributed to the occurrence of chain transfer from free
radicals to dead polymer chains, giving rise to long chain
branching. Let us then examine the effects of varying long
chain branching reaction rates on the molecular weight
and its distribution. Note that the effect of long chain
branching was investigated for the case where there is no
chain transfer reaction in monomer and modifier is absent.

The zeroth (Qy), first (Q;) and second (Q.) moments
of dead polymer, together with the number-average molec-
ular weight and polydispersity, are given in Table 4 as
functions of the ratio of the long chain branching reaction
rate constant to the propagation rate constant at a low
reaction temperature. Now, it is seen in Table 4 that, as
the long chain branching reaction rate constant is in-
creased, there is no significant change in Qo and Q;, but
the increase in Q, is pronounced. Consequently, whereas
the number-average molecular weight is unchanged, a pro-
nounced increase in polydispersity is seen as ker,p/kp in-
creases.

It should be remembered that every occurrence of chain
transfer to dead polymer leaves the total number of dead

polymer chains unchanged, except for the case of chain
transfer from a monomer free radical, that is, M;®. There-
fore, so long as the chain transfer from a monomer free
radical is negligible, that is, when kyp QoCups <<
ki (Qo®)? in the rate equation for total dead polymer [see
Equation (4)], the total dead polymer concentration will
not be affected by changes in long chain branching reac-
tion rates. If we examine the rate equation for the first
moment of dead polymer [see Equation (36)] it can be
seen that ky.p Qp Cuys << kp Cy Qo*, and hence Q1
does not vary with changes in long chain branching reac-
tion rates. Hence, so long as the chain transfer from a
monomer free radical is negligible, the number-average
molecular weight will not vary with changes in long chain
branching reaction rates. We will show later that there are
conditions under which the chain transfer rate from mono-
mer free radicals (M;°) to dead polymers is not negligi-
ble and, in such situations, the number-average molecular
weight will vary significantly with changes in long chain
branching reaction rate.

We have seen above that, when chain transfer reactions
do not occur, the polydispersity is unaffected. We have
also seen that, although the number-average molecular
weight varies because of the change in free radical con-
centration that occurs with long chain branching, the poly-
dispersity also varies with changes in Q,%, the total number
of free radicals. This is because an increase in Qp* in-
creases the overall long chain branching rate, which in
turn increases the second moment of dead polymer, Q,°.
Note from Equations (4) and (36) that increasing Qy*
will bring about an increase in the zeroth and first moments
of dead polymer. As a result, although both the number-
and weight-average molecular weight decrease, the poly-

dispersity increases because M, decreases more than M,
does. This may be seen in Table 5, in which the polymer
moments, together with M, and polydispersity, are given
as functions of the free-radical concentration for a fixed

TaBLE 4. EFFEcT OF VARYING LoNG CHAIN BRANCHING RATE ON AVERAGE MOLEcCULAR WEIGHT AND ITs DisTRIBUTION
AT A Low REACTOR TEMPERATURE

Qo Q1 Q2
ker.o/kp ( g-moles ) ( g-moles ) ( g-moles )
at70°C ce cc cc M., My/M,
0.000 0.5060 x 10—6 0.6 xX 102 1.07 x 102 333,000 1.50
0.065 0.5060 x 10-6 0.6 x 10—2 1.155 x 102 333,000 1.62
0.325 0.5060 x 10—8 0.6 x 10—2 1.32 x 102 333,000 1.85
0.650 0.5060 x 108 0.6 X 10—2 1.50 x 102 333,000 2.10
6.500 0.5060 x 108 0.6 X 10—2 0.2295 x 108 333,000 3.20

System parameters: Pe = 100, L = 15.25 x 10% ¢cm, To = 70°C, Te = 114°C, U = 98.25 cal/hr cm? °C,

TABLE 5. EFFecT OF VARYING FREE RapicAL CONCENTRATION ON AVERAGE-MOLECULAR WEIGHT AND ITs DISTRIBUTION

Qo® Qo 1 Q2
( g-moles ) ( g-moles ) ( g-moles ) ( g-moles )

cc cc cc ce M, My /M,

ker.p/kp = 0.65 at 70°C
0.390 x 10-10 0.514 x 10-6 0.602 x 10—2 0.150 % 103 333,000 g;
0.387 x 109 0.506 x 104 0.609 x 10-1 0.232 X 108 33,800 .
- p 17,500 34
. 109 0.195 x 10—3 0.122 % 100 0.262 % 103 ,

gg?i ;<< 108 0.186 x 10—2 0.494 x 100 0.460 x 103 7,400 3.6

System parameters: Pe = 100, L = 15.25 x 10* cm, To = 70°C, Tc = 114°C, U = 98.23 cal/hr. em? °C, (Ci)o = 8.3 X 10-7 g-moles/cc.
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TABLE 6. EFFECT OF VARYING LoNGg CHAIN BRANCHING RATE ON AVERAGE MOLECULAR WEIGHT AND ITs DISTRIBUTION AT
A HicH REACTOR TEMPERATURE

Qo Q1 Qs
g-moles g-moles g-moles
ker,o/kp gmoes == — —
at 70°C ce ce cc M, Myw/My
0.0000 0.173 x 102 0.250 x 10—1 0.740 x 104 40,000 1.50
0.0650 0.126 x 102 0.250 x 101 0.182 x 105 55,500 3.70
0.3250 0.520 x 10-3 0.250 x 101 0.515 x 105 135,000 4.30
0.6500 0.284 x 10-3 0.250 x 10—1 0.128 x 108 246,000 5.80
0.9900 0.188 x 10—3 0.250 x 101 0.253 x 106 372,000 7.80
1.7000 0.111 x 10—8 0.250 x 10-1 0.732 x 108 630,000 13.00
Reactor Conditions: Initiator and monomer concentration profile was as in Figure 1 for Te = 114°C. Temperature at every point in the reactor
was greater by 90°C as compared to the temperature profile in Figure 1 for Tc = 114°C.
TasLE 7. EFFECT oF UsING MODIFIERS ON AVERAGE MOLECULAR WEIGHT AND ITs DISTRIBUTION
: Qo 1 Q2
01}4;125?& 3 ( g-moles ) ( g-moles ) ( g-moles ) _
to monomer cc ce cc M, Myu/My
ktr,p/kp = 0.325 at 70°C

0.00 0.506 x 106 0.604 x 10—2 0.116 x 102 333,000 1.6

0.01 0.966 x 10—¢ 0.604 X 10-2 0.790 x 102 174,000 2.1

0.05 0.272 x 105 0.604 x 10—2 0.317 x 102 62,000 2.4

0.10 0470 x 105 0.604 x 10—2 0.190 x 102 35,800 2.5

ktr,p/kp = 6.5at70°C

0.00 0.506 x 10-6 0.604 x 10—2 0.230 x 108 333,000 3.2

0.01 0,966 x 10—¢ 0.604 x 10—2 0.118 x 108 181,000 3.1

0.05 0.275 X 105 0.604 x 10—2 0.413 x 102 62,000 3.0

0.10 0.465 x 10—3 0.604 x 102 0.238 x 102 36,100 3.0

System parameters: Pe =

100, L = 1525 x 10¢m, To = 70°C, Tc =

114°C, U = 98.25 cal/hr. ecm® °C, (Cr)o = 8.3 x 10-7 g-moles/cc.

value of kir,p/kp = 0.65. For example, increasing Qo* by
a factor of 80 decreases M, from 333,000 to 7,400, and
increases polydispersity from 2.1 to 3.6.

We have discussed above the effect of the ratio of the
long chain branching reaction rate constant to the propa-
gation rate constant on the molecular weight and its distri-
bution. It is interesting to note that a higher reactor tem-
perature will increase not only the long chain branching
rates (at a fixed value of k¢, p/kp), but also the concentra-
tion of free radicals. This is attributable to the higher ini-
tiator decomposition rates. Table 6 gives some representa-
tive results for a higher reactor temperature.

It is seen in Table 6 that, as the value of k¢ p/kp is in-
creased beyond 0.0065, the total dead polymer concentra-
tion begins to drop significantly. This is because, at higher
reactor temperatures, the chain transfer from the monomer
free radical to dead polymer becomes significant. That is,
the magnitude of the term k¢r,p Qo Ciy+ in Equation (4)
is comparable to the term ki (Qo®)2 for values of krp/ke
> 0.0065.

Since the chain transfer from the monomer free radical
brings about a decrease in the number of dead polymer
chains, the polymer concentration drops. In addition, it
can be seen that the value of Q; increases rapidly. If we
compare the data in Tables 4 and 6, it can be seen that
increasing ker,p/kp from 0 to 6.5 at low temperatures does

not affect M,, but increases polydispersity from 1.5 to 3.2,
whereas increasing ker,p/kp from 0 to 1.7 at high tempera-
tures increases M, from 40,000 to 630,000 and also in-
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creases polydispersity from 1.5 to 13.0.

Reactor conditions, similar to those discussed above, can
be obtained, for example, by using a high temperature
initiator, that is, by using an initiator with high values of
(ka)o (specific reaction rate constant) and high activation
energy. Use of such an initiator will require higher reactor
temperatures in order to obtain the same degree of con-
version.

It may be seen from the above discussion that a selec-
tion of different types of initiator (for example, low, me-
dium, or high temperature) will also affect both the aver-

age molecular weight (M, and M,,) and its distribution.
In industrial practice, a proper combination of low, me-
dium, and high temperature initiators is used to achieve
the desired molecular weight and its distribution.

Effect of Chain Transfer to Modifier on
Molecular Parameters

Commercial polyethylene producers also use modifiers
(or solvents) to regulate the molecular weight and its dis-
tribution. The effects on the polymer moments and poly-
dispersity of varying the modifier concentration were in-
vestigated for two different. levels of long chain branching,
that is, two different values of ki p/kp, as given in Table
7. The computations were made by selecting propane as
the modifier. Note that in order to compute the polymer
moments in the presence of modifiers it was first necessary
to solve the system equations for the modifier concentration
profile in the reactor. This was done by applying the suc-
cessive iteration scheme.
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If we examine the rate equation for dead polymer con-
centration [see Equation (4)], it can be seen that increas-
ing the modifier concentration will increase the number of
dead polymer chains. It can also be seen, from Equations
(36) and (37) that, for ky << kpCy, Q1 will not be af-
fected by an increase in modifier concentration, whereas
Q. will decrease, and M, will decrease. This is seen in
Table 7. For example, for ki p/kp = 0.325 increasing the
modifier concentration by a factor of ten decreases M,
from 333,000 to 35,800, and increases the polydispersity
from 1.6 to 2.5. It is interesting to note that, at much
higher values of kip/kp, the polydispersity decreases
slightly.
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NOTATION
A
A = integral operator (vector) defined in Equation
(66)
L. A
B _ [ (= aH)a(C1)o Eq
T » Cp To JL RT,
A
5 = [ (=aHs(Cu) { £, }
2 - P Cp To RTO
C: = concentration of initiator in the reactor, moles/
unit volume
(C1)y = concentration of initiator in feed stream, moles/
unit volume
Cu = concentration of monomer, moles/unit volume
(Cm)y = concentration of monomer in feed stream,
moles/unit volume
Cy, = concentration of the dead polymer of chain
length r, moles/unit volume
(Cm,)s = concentration of dead polymer M, in feed
stream, mole/unit volume
Cmy» = concentration of an active monomer, moles/
unit volume
Cup = concentration of the active polymer of chain
length 7, moles/unit volume
(C4)y defined as 2 (Cum,) ¢, moles/unit volume
r=2
(Cs)q defined as 2 (r Cum,) o> moles/unit volume
r=2
(Ce)y defined as 2 (2 Cp,) ¢» moles/unit volume
r=2
Cs = concentration of modifier, moles/unit volume
Cp = specific heat of the feed and of effluent stream
D = tube diameter
Da; = Dahmkohler number for initiator defined as

L(ka)o exp (— Ea/RTy) /v
Day = Dahmkohler number for monomer defined as

L2 (ke) (kae)o (Cro A pry)*
exp ( pol. o)}

(kec)o
61 = axial mass diffusivity for initiator
ﬁM = axial mass diffusivity for monomer
BM,- = axial mass diffusivity for dead polymer of chain
length r
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A

Eq = activation energy for decomposition reaction

A

E; = activation energy for chain initiation reaction

AN

E, = activation energy for propagation reaction

A

E, o = activation energy for chain polymerization

A

E; = activation energy for chain termination by re-
combination

A

Eyp = activation energy for chain transfer to dead
polymer

A . .

Eyym = activation energy for chain transfer to mono-
mer

A . N

Ey,s = activation energy for chain transfer to modifier

(— AH)4 = heat of initiator decomposition reaction
(— AH), = heat of chain propagation reaction
I = initiator

ka = reaction rate constant for initiator decomposi-
tion

ky = reaction rate constant for chain propagation

ke = reaction rate constant for chain termination by
recombination

kiq = reaction rate constant for chain termination by
disproportionation

kirp = reaction rate constant for chain transfer to poly-
mer

kiwem = reaction rate constant for chain transfer to
monomer

kir,s = reaction rate constant for chain transfer to
modifier

kr as defined by Equation (8)

A

K., = axial thermal diffusivity

L = length of reactor

Ly n[0,1] = square-integrable function space defined as
the set of N vector-valued measurable function
in the interval [0, 1]

M = monomer molecule (CyH,)
M i = monomer free radical
M, = number-average molecular weight defined by

Equation (28)

weight-average molecular weight defined by

Equation (29)

Nmax,b Nmaxﬂ; Nmax,‘s as deﬁned by Equations (75), (76),
and (77), respectively

M,

A A A

N1, Ny, Nj as defined by Equations (95) to (97), respec-
tively

Ny = defined by Equation (74)

P = pressure

A

P = dimensionless maximum reactor temperature
defined by Equation (86)

Pe; = Peclet number for mass transfer of initiator de-

A

fined as vL/D;

Pey; = Peclet number for mass transfer of monomer
defined as vL/ISM

Pey, = Peclet number for mass transfer of dead poly-

A

mer of chain length r defined as vL/Dy,

Pey = Peclet number for heat transfer defined as

ot CoL/R,

Qo, Q1, Q2 = the zeroth, first, and second moments of total
dead polymer concentration defined by Equa-
tion (27)

Qo®, Q1%, Q2" = the zeroth, first, and second moments of
total active polymer concentration defined as
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o

i Cump»s 2 r Cy,» and i 12 Ca,e,
r=1 r=1

r=1

respectively

R == gas constant

R* = initiator free radicals

Ra = initiator decomposition reaction rate given by
Equation (1)

R; = chain initiation reaction rate given by Equa-
tion (2)

Ry = overall polymerization reaction rate given by

Equation (3)
Ry, = overall reaction rate for dead polymer of chain
length r

T = reactor temperature
T. = coolant temperature
To = temperature of feed stream
U = overall heat transfer coefficient
v = linear velocity of the fluid in the reactor
® = axial distance in a tubular reactor
Ye = dimensionless coolant temperature defined as
(Te — To)/e1To
Y1 = dimensionless initiator concentration defined as
[(C1)o — C11/(C1)g
Yo = dimensionless monomer concentration defined
as [(Cm)o — Cm1/(Cu)y
Ys = dimensionless reactor temperature defined as
(T — To)/e1To
Ys = dimensionless total dead polymer concentration
defined as
[ 2 (CMr)o - 2 CMr] / 2 (CMr)o
r=2 r=2 r=2
= [(C4)o - QO]/(C4)0
Ys = dimensionless first moment of the total dead
polymer concentration defined as
[ 2 (rCMr)O - 2 (TCM,)] / 2 (rCMr)O
r=2 r=2 r=2
= [(Cs)o — Ql]/(Cs)o
Ys = dimensionless second moment of the total dead
polymer concentration defined as
[ 3 (#u)o— 3 00| | 3 (#Cus
r=2 r=2 r=2
= [(Ce)o — ©21/(Cs),
A
_t//\l, [ 93 defined by Equations (48) to (51), respec-
tively
z = dimensionless distance defined by x/L
Greek Letters
@ = defined by Equation (91)
ap = defined by Equation (106)
B = defined by 4UL/pC,vD
€ = empirical constant for initiator efficiency
“ defined by 1/ (Ea/RT)
€ defined as ﬁpol/ é,,
P = density of fluid
v as defined by Equation (8)

!, !, p™ = largest eigenvalues as defined by Equa-
tions (92) to (94), respectively
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